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Totient Numbers of an Arithmetic Progression in a Hypercube: 
the Case of Step Length 2 
THOMAS BIER 
For integers n, q"" 2 denote by H(n, q) the hypercube (as association scheme) and by 
~[H(n, q)] = Eo + El + ... + En the decomposition of the qn-dimensional euclidean space 
~[H(n, q)] into the eigenspaces Ei of the (0, I)-adjacency matrix of the graph H(n, q) with 
associated eigenvalues (n - i)q - n for i = 0, 1, ... ,n. For [c {I, 2, ... , n} let E/ = €aiEl Ei 
and denote by I/J(E/) the smallest positive integer m that can be written as m = ExeH(n, q) Vx for 
an integral vector v E Z[H(n, q)] n (Eo + E/). 
For [= {2, 4, 6, ... , 2m} with 2m ~ nand J = {I, 2, ... , n} -[ denoting the complement 
of [, we have proved that for q odd I/J(E/) = qn-m and I/J(EJ ) = qm in the previous paper [2]. 
Here we prove that for q even 
and 
I/J(E/) = Z-m . qn-m and I/J(EJ ) = 2m . qm if n > 2m 
I/J(E/) = 21- m . qm and I/J(EJ ) = 2m- I • qm if n = 2m. 
We refer to [2] for the definitions of H(n, q), its eigenspaces, the spaces EJ, vectors 
Pa(x), the polynomials Ka(d, n, q) = Ka(d) and the precise definitions of totient 
numbers <1>(E[). Assume that m is a positive integer with 2m,,;; n. 
Let 1= {2, 4, 6, ... ,2m} and J = {I, 3, 5, 7, ... , 2m -1, 2m + 1, 2m + 2, 2m + 3, 
2m + 4, ... , n} be two complementary subsets of {I, 2, ... , n}. 
THEOREM. If q is even, then: 
(i) for n > 2m, 
(ii) for n = 2m, 
We remark that for q = 2 and n = 2m or n = 2m + 1 the result 
is trivial from the nature of the spaces E2i- 1 and E2i in \R[H(n, 2)]. The theorem can be 
seen as an extension of this case to the case of general even q, and of general n. 
We need the following notation: 
v2(m) = exponent of 2 in m, so m = r 2(m) . (odd number); 
a(m) = number of l's in the dyadic expansion of m; 
fm(a) = a(a + 2)(a + 4) ... (a + 2(m -1)) for any integer a; 
gm =gcd{fm(a) I a E Z}, so gm+l' 2v2(m+l) = (m + 1)· gm, by Lemma 2 of [2]. 
Differing slightly from [2] we define, for a function f(x), 
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Llf(x) = f(x + 1) - f(x). 
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Then 
-t1,zf(x) + 2t1,f(x + 1) = f(x + 2) - f(x), 
-t1,N+2fm+l(X) + 2t1,N+Ym+l(X + 1) = 2(m + 1)t1,Nfm(x + 2) (N;;;.O), 
- _1_. t1,N+2fm+l(a) + _2_. t1,N+Ym+l(a + 1) = ZV2(m+l)+1 . ~. t1,Nfm(a + 2) (1) 
gm+l gm+l gm 
for any integer a, and where (1) is an equation of integers. 
LEMMA 1. For integers a, N with N;;;. 0 we have 
1 
- t1,Nfm(a) == 0 mod 2N- cr(m). 
gm 
REMARK. For N > min (2) we have actual equality. 
(2) 
PROOF OF (2). We assume that we have (2) for a given m and all values of Nand, 
moreover, for the number m + 1 for all values of N';;;. N + 2. We then proceed to show 
it for m + 1 and N + 1. This gives an inductive proof, since (2) can easily be verified for 
m = 1 and since we have the above remark. 
_1_. t1,N+2fm+l(a) ==0 mod2N+2-cr(m+l), 
gm+l 
2v2(m+l)+1 . ~ . t1,Nfm(a + 2) == 0 mod zv(m+l)+l+N-cr(m) = 2N+2- cr(m+l) 
gm 
and therefore by equation (1) we know that there exists an integer z such that 
_2_ t1,N+1fm+l(a + 1) = 2N+2- cr(m+l) . Z 
gm+l 
and thus (2) follows for the values m + 1 and N + 1. 
We spell this out more explicitly. 
LEMMA 2. For integers m, r;;;' 0 we have, for all e, 0 ~ e ~ 2m + r, 
o 
~r (_I)j-Jm(j - 2m). (2m + r - e){= 0 if e <r +m, (3) 
j=e gm j - e == 0 mod 22m +r - e - cr(m) if e ;;;. r + m. 
PROOF OF (3). In the expansion 
~ t1,Nfm(a) = f (_I)N-i .fm(a + i) . (~) 
gm i=O gm l 
let N = 2m + r - e, a = e -'2m and change the summation i = j - e. Then (3) follows 
from (2), and from the remark. 0 
Now let n = 2m + r and I, J as above. Assume that q is even: 
The integer cJ>(E,) divides 2m . qm. 
The integer cJ>(E,) divides 2m- I . qm if r = O. 
PROOF OF (4). Evaluate for 0 = (0, 0, ... ,0) E H(n, q) the vector 
W = ~r fm(j - 2m) . ~(O) in E, 
j=O gm 
(4) 
(4') 
Totient numbers of an arithmetic progression 
at the component x E H(n, q) of weight a = wt(x) , say. This gives 
(_1)m . 22m-a(m) + yr fm(j - 2m) . ± (-1)j-e(~ - e)(n - d) . qe 
j=l gm e=O }-e e 
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= yr {yr (-1)j-e(~ - e) fm(j - 2m )}(n - d)qe 
e=O j=e ) - e gm e 
so that by Lemma 2 there exist integers Zr+m, ... , Z2m+r such that the sum is equal to 
= yr 22m +r- e- a(m). Ze(n - d) . q e 
e=m+r e 
and since q = ° mod 2 this integer is obviously divisible by 2m- a(m) . qm+r. Thus 
1 
V = 2m- a(m) m+r' WE Z[H(n, q)] n EJ 
'q 
is an integral vector and <P(EJ) divides (22m- a(m) . q2m+r/2m-a(m). qm+r) = 2m . qm. D 
PROOF OF (4'). Apply (4) in the situation of H(2m -1, q) and 1= {2, 4, ... ,2m-
2} with complement J, and then use formulas (53) and (54) of [1] applied to a vector 
v E Z[H(2m - 1, q)] n (Eo + EJ) with (v, u) = 2m- I • qm-l. Then (v, v, ... , v) E EJ C 
R[H(2m, q)] shows that <P(EJ) divides 2m- I • qm. D 
LEMMA 3. The expressions Kj(d, n , q) satisfy the relations 
n "(q _ 2)n-j (q)n j~(-1)J -2- ·K/d,n,q)=(-1t-d . 2: (5) 
for d = 0, 1, ... , n. 
PROOF OF (5). The proof proceeds by induction on n. We observe that the case d = n 
is just the binomial expansion of 
Using the identity 
Kj(d, n, q) = Kj(d, n -1, q) + (q -1)Kj_1(d, n -1, q) 
we find for d = 0, 1, ... , n -1 from the inductive assumption for n - 1 that 
j~ (-1)j(q ~2r-jKj(d, n , q) = ~~ (-1)j(q ~2r-jKj(d, n -1, q) 
+ (q -1) ~~ (_1)j+l(q ~ 2r-j-1Kj(d, n - 1, q) 
and, letting (q - 2)/2 = (q -1) - q/2, 
(q) n-l (q _ 2)n-j - l = - 2: ~o (-1)j -2- . Kj(d, n -1, q) 
= (-1)(~) . (_1t-l-d(~) n - l 
=(_1t-d(~r D 
We let 
x eH(n. q) 
for a primitive qth root of unity C E C be the standard basis of E j , j = wt(w). 
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Let H(n, q) = H'(m, q) x H"(m + r, q) in the obvious fashion, and set H; = {w' E 
H'(m, q) I wt(w') = j} etc. Define 
T' = L: (_I)i -q - H;, m (_ 2)m-i 
i=O 2 
T"= L: (_I)i -q- . HI' m+r (_ 2)m+r-i 
i=O 2 
and 
T = (~r . T' + (-1)' . T". 
Then we obtain for w = (w', w") E H' x H" = H(N, q), using Lemma 3, 
( )
m+r ( )m+r (T, S(w» = (_I)m-wt(w') ~ + (_I)m-wt(w") ~ 
if wt(w) = wt(w') + wt(w") is odd, 
if wt(w) = wt(w') + wt(w") is even. 
Thus for r = 0 or r = 1, T E E/. We then see that: 
1J(E/) divides z-m+1 . qm 
1J(E/) divides z-m . qm+1 
for r = 0; 
for r = 1. 
(6) 
(6') 
The general case follows by applying formulas (52) and (53) of [1] to any vector 
v E (Eo + E/) n Z[H(2m + 1, q)] with (v, u) = 2-m . qm+1 and, repeating this argument 
(r - 1) times, we see that 
1J(E/) divides qr-I . 2-m . qm+1 for r > O. (7) 
The first part of the theorem follows from (4) and (7), and the second part from (4') 
and (6). 
REMARK. Similarly to Lemma 3, we may determine the entries of the projection 
vector p/(O), for n = 2m, say, at component x E H(n, q), 
~(qn + (q _ 2t» for d = wt(x) = 0, 
(_I)d . 2d- 1 . (q - 2t-d, d = 1, 2, ... , n, 
and use it to give an alternative proof of (7) that uses a more delicate counting 
argument but avoids the use of complex numbers. 
REFERENCES 
1. T. Bier, Some distribution numbers of the hypercubic association scheme, Europ. J. Combin., 9 (1988), 
7-17. 
2. T. Bier, Totient numbers of an arithmetic progression in a hypercube: the comprime case, Europ. J. 
Combin., 11 (1990), 319-321. 
Received 9 April 1990 and accepted in revised form 8 October 1990 
THOMAS BIER 
c/o Arnold Bier, 
Kostersweg 22, 
D 2900 Oldenburg, 
Germany 
